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Abstract
This paper outlines emerging methods, presently under investigation, for construct-
ing ruled surfaces and solid-body trajectories in a Computer Aided Geometric De-
sign (CAGD) context. The underlying principle is that of the standard De Boor
Algorithm [4,2,15] for constructing B-spline curves on the plane, or in 3-dimensional
space. But the coordinates of all 3-vector points including the control points to be
interpolated are now taken to be dual, not real, numbers. When the six result-
ing number components are interpreted as Pl}ucker coordinates [12], each dual point
nds interpretation as a line, and each curve as a ruled surface, in 3-dimensional
space. The construction of a duplicated surface is discussed along with some new
methods based on a rigid body character. The problem of drawing innitely long
lines, on a screen, as represented by Pl}ucker coordinates, is touched upon.
1 Introduction
A 3-dimensional surface is ruled if, through every one of its points, there passes
at least one line which lies entirely within the surface [4]. A ruled surface may
be generated, therefore, by carrying a (straight) line along a suitable spatial
trajectory which, since the trajectory may be reproduced in manufacturing by
a straight-line cutting or grinding tool, explains the particular role of the ruled
surface within automated design. The ruled surface design and its application
are widely used in Computer Aided Geometric Design (CAGD)[2,15] and the
industrial area. A screw is composed of 6-dimensional vectors [7] and becomes
a line when its pitch is zero. The De Boor Algorithm is a bridge to connect
the dual world (the screw) and real world (the ruled surface).
Recently, the design methods for combining the real world and the dual
world have grown. The applications of the Bezier curve and B-splines in
dual space have especially been developed. Ge [3,14] has applied B-splines in
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dual quaternion space by using rational B-splines in the space of quaternions
to deal with curve approximation problem and path-smoothing, with speed-
smoothing problems handled separately. Juttler [6] used quaternion represen-
tation of RMM (Rotation Minimizing Motions) to sweep surface modeling.
This paper is inspired by the paper of Sprot and Ravani [13] who used the
De Casteliau Algorithm in screw space to resolve ruled surface drawing and
mesh generation problem. This paper uses the De Boor Algorithm to improve
and develop their method while creating some new methods for drawing du-
plicated surfaces. We also deduce the unit screw (one of the tools for drawing
a ruled surface) from a random normal screw and give a practical computer
representation method of drawing the screw, the ruling line on the screen.
This paper is organized as follows. Section 2 denes the mathematical
object known as a screw which, when specialised, embodies our denition of
a general line in space and the rule of displacement. The unit screw, deduced
from the normal screw, is included. Section 3 reviews the De Boor Algorithm.
Both geometric and functional representations are included. Section 4 is the
main part of the paper. It combines the De Boor Algorithm and screw theory,
with adjustment of a basic rule used for dual space, to achieve a dual De Boor
Algorithm birth. It is represented not only in geometric form, for drawing
surfaces, but also in functional form, for the basic expression of the next
section's duplicated surfaces. Section 5 gives a better dual method to draw
duplicated surfaces than the real method. Section 6 introduces a practical
method to draw the screws on the computer screen. The conclusions are
included in Section 7.
2 Screw Theory
2.1 Denition of a Screw
A general screw
^
S, from which we derive a line by specialisation, consists of
two parts, a real 3-vector S which indicates the direction of the (line of) the
screw, and a real 3-vector S
p
which locates
^
S by recording the moment of the
screw about the origin [7,9]. In these terms, a screw is formed as
^
S = S+ "S
p
= S+ "(pS+ S
0
) where S
0
= R S = V  S(1)
in which " is a quasi-scalar which satises "
2
= 0. Here, p is the pitch of the
screw and S
0
, which is the moment of the line of the screw about the origin,
is orthogonal to S (S  S
0
= 0) and is derived as shown from the origin radius
vector R, or { more generally { from any point V, of the screw. The length
jSj of the real part S is the real magnitude of the screw. Figure 1 illustrates
such a geometric interpretation of a screw.
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Fig. 1. Geometrical interpretation
of screw
^
S = (1 + "p)S+ "S
0
in 3-D.
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Fig. 2. Displacement of line
^
X by
translation and rotation along axis
^
S.
2.2 A Line is a Screw of Zero Pitch
Since, as seen, a screw is a line with an associated pitch value p, it follows that
a line, in its own right, is a screw with zero-valued pitch, i.e. p = 0. Given a
general screw
^
S, we often need access to its normalised line of unit magnitude
and zero pitch. Derivation of such a unit line, which we denote specially by
the lower case form s^ = s+ "s
0
, is straightforward. By eqn. (1)
^
S = (1 + "p)S+ "S
0
where S
0
 S = 0
so, since "
2
= 0, we nd that
^
S 
^
S = (1 + "p)
2
S  S so
p
^
S 
^
S = (1 + "p)jSj
Thus, the general screw
^
S normalises to its unit line s^ in the form
s^ =
^
S
p
^
S 
^
S
=
1  "p
jSj
^
S =
1
jSj
(1  "p)[(1 + "p)S+ "S
0
)] =
S
jSj
+ "
S
0
jSj
(2)
When, in practical application, we are given a screw of form
^
S = S+ "S
p
, we
may derive its pitch, origin radius, and normalised line as
p =
S  S
p
jSj
2
; R =
S S
p
jSj
2
; s^ =
S
jSj
+ "
S
p
  pS
jSj
(3)
respectively, with the last of these, equivalent to eqn. (2), making use of the
rst.
We observe that a screw
^
S for which S = 0 is a line at innity.
2.3 A Screw or Line is a Dual 3-Vector
When the component 3-vectors of
^
S are made explicit, as S = (L
x
; L
y
; L
z
)
and S
p
= (M
x
;M
y
;M
z
), we nd that a screw is not simply a 6-tuple of real
Pl}ucker co-ordinates L
x
; L
y
; L
z
;M
x
;M
y
;M
z
. It is also a 3-vector
^
S = S+ "S
p
= (L
x
+ "M
x
; L
y
+ "M
y
; L
z
+ "M
z
)(4)
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in which each element, such as L
x
+ "M
x
, etc. is a dual number.
In these dualised terms, 3-vector quantities which are familiar in real co-
ordinates obtain spatial interpretations. The scalar product
^
S
1

^
S
2
of such
3-vectors comprises the cosine of the dual angle (see eqn. (6)), including both
real angle and distance, between the screws
^
S
1
and
^
S
2
. When
^
S
1
and
^
S
2
are
orthogonal, so that
^
S
1

^
S
2
= 0+ "0 = 0, these screws intersect one another at
right angles. Similarly, the vector product
^
S
1

^
S
2
is a screw which lies on the
common perpendicular of the screws
^
S
1
and
^
S
2
.
Most importantly, screws transform as 3-vectors do [9]. If x^
i
, y^
i
and z^
i
are
mutually orthogonal unit lines dening a reference frame, so
x^
2
i
= y^
2
i
= z^
2
i
= 1; x^
i
 y^
i
= y^
i
 z^
i
= z^
i
 x^
i
= 0; x^
i
 y^
i
= z^
i
;
the coordinates of a general screw
^
S, when expressed in that i-frame, are
^
S
i
=
2
6
6
6
4
x^
T
i
y^
T
i
z^
T
i
3
7
7
7
5
^
S =
2
6
6
6
4
x^
i

^
S
y^
i

^
S
z^
i

^
S
3
7
7
7
5
=
2
6
6
6
4
x
i
 S
y
i
 S
z
i
 S
3
7
7
7
5
+ "
2
6
6
6
4
x^
i


^
S
y^
i


^
S
z^
i


^
S
3
7
7
7
5
(5)
in which, for example, x^
i


^
S = x
i
 S
p
+ x
0
i
 S.
2.4 The Displacement of a Screw
Under the dualisation just described, points of linear interpolation between
two given real points nd spatial analogues in the locations to which a screw
successively moves, when displaced from some initial to some nal location
about a screw axis s^ { see Fig. 2. Such displacements are parameterised by
a dual angle
^
   + d which comprises the real angle  of rotation and the
real distance d of translation, as measured about the axis s^. For such a dual
angle we may write
sin
^
  sin  + d cos ; cos
^
  cos    d sin :(6)
By dualising equations for purely rotational displacement [7], we nd that a
screw
^
X displaced from an initial location
^
X
0
through dual angle
^
 about a
screw axis s^ = (^s
x
; s^
y
; s^
z
) is given by
^
X = [
^
A]
^
X
0
where [
^
A] = exp[
^
; s^] = [
^
I] + sin
^
[
^
S] + (1  cos
^
)[
^
S]
2
(7)
in which [
^
A] is the displacement matrix determined by
^
 and [
^
S], [
^
I] is the
dual identity matrix, and [
^
S] is a skew-symmetric matrix given by
[
^
S] =
2
6
6
6
4
0  s^
z
s^
y
s^
z
0  s^
x
 s^
y
s^
x
0
3
7
7
7
5
(8)
which has the property that [
^
S]
^
S = s^
^
S for any screw
^
S.
If the displacement is a pure translation, so that the initial and nal loca-
tions of the screw are parallel, the displacement matrix takes the special form
4
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[
^
A] = [
^
I] + [
^
D] in which [
^
D] embodies the translation of the screw
^
X.
3 The De Boor Algorithm
The De Boor Algorithm [4,2,15] for generating an interpolating curve in 2- or 3-
dimensional space from given control points is a renement of the De Casteljau
Algorithm. The basic step of the latter, for each t 2 [0; 1], is to interpolate
second generation points P
1
0
from pairs of successive rst generation (control)
points P
0
0
and P
0
1
according to
P
1
0
= (1  t)P
0
0
+ tP
0
1
where t 2 [0; 1](9)
This step, progressively applied to pairs of successive points within successive
generations, ultimately yields a single point, dened for t. The interpolating
curve generated consists of all such points for t 2 [0; 1].
For n+1 given control points, the De Casteljau Algorithm proceeds through
n generations to produce a curve which, at each of its points, depends upon
every control point through a weighting polynomial of degree n. The simple
renement applied in the De Boor Algorithm is to restrict the interpolation
process to a smaller subset, consisting of a nominated number M < n + 1, of
the control points, which provides local control to overcome the disadvantage.
Bezier curves is weighted by all the control points. The curve segments created
by the De Boor Algorithm are weighted by some of the control points while
the curve degree (generation) is reduced. The successive curve segments are
presented as B-splines which are divided by a series of knots t 2 [0; 1; :::; t
n
].
If the part of the control points are adjusted, only the part of the B-splines
would be changed. B-splines are more exible than Bezier curves.
The De Boor's Algorithm There are n + 1 control points. M is the
order of the B-Spline. M   1 is the degree (generation) of the B-spline. The
knot sequence is T = [t
0
; t
1
; :::; t
n+M
]
Geometrical Representation To nd a point P (t
s
) which is one point
of the B-Spline curve t = t
s
:
Step1: Find an i for which t
s
2 [t
i
; t
i+1
), r = i  M + 1. We dene r = 0
when i < M   1.
Step2: Set P
0
j
(t
s
) = P
j
, (j = r; r + 1; :::; r +M   1).
Step3: Repeatedly interpolate the lower degree points to the higher degree
one until the nal degree points (curve) P (t
s
) = P
M 1
r+M 1
(t
s
) are given by the
formula
P
k
j
(t
s
) = (1  u)P
k 1
j 1
(t
s
) + uP
k 1
j
(t
s
)
where u =
t
s
 t
j
t
j+M k
 t
j
, u 2 [0; 1] and k = j   r.
Figure 3 exemplies the geometry of degree 3 B-Splines involving 3 gen-
erations of interpolation. The given control points P
r
, P
r+1
, P
r+2
, and P
r+3
are interpolated linearly into second generation points P
1
r+1
, P
1
r+2
, and P
1
r+3
.
These points are then interpolated into the next generation until the nal
5
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Fig. 3. Geometrical interpretation
of the De Boor Algorithm for M = 4
    t0, t1, t2, t3 t4 t5 t6 t7 t8, t9, t10, t11
t
N0,4(t)
N1,4(t)
N2,4 N3,4 N4,4 N5,4 N6,4 N7,4
N(t)
Fig. 4. B-spline functional expression for
M=4
generation is achieved in the single point P (t
s
) = P
3
r+3
, for t
s
2 [t
i
; t
i+1
], of
the desired curve.
Functional Representation The rst-order function is dened as
N
k;1
(t) =
8
<
:
1 (t
j
 t < t
j+1
)
0 (otherwise)
For the case M > 1, we have
N
k;M
(t) =
t  t
k
t
k+M 1
  t
k
N
k;M 1
(t) +
t
k+M
  t
t
k+M
  t
k+1
N
k+1;M 1
(t)
The B-spline curves nal equation is
P (t) =
n
X
k=0
P
k
N
k;M
(t)
Figure 4 is a functional interpretation example when M=4. For example,
t 2 [t
3
; t
4
], the curve is weighted by P
0
, P
1
, P
2
, P
3
; t 2 [t
6
; t
7
], the curve is
weighted by P
3
, P
4
, P
5
, P
6
.
4 The Application of the De Boor Algorithm in Dual
Space
Dualisation of the De Boor Algorithm, represented in the change from Figure 3
to Figure 5, is straightforward. All control points and their interpolated points
become lines. Specically, the points P
0
0
, P
0
1
, P
1
0
of eqn. (9) are dualised to
unit lines
^
X
0
0
,
^
X
0
1
, and
^
X
1
0
, the interpolation of that equation being replaced
by a displacement of the form
^
X
1
0
= [
^
A]
^
X
0
0
of eqn. (7).
There is, in fact, an innite set of the screw axes s^ of eqns. (7, 8) about
which the line
^
X
1
0
can be displaced from
^
X
0
0
to
^
X
0
1
[10]. It can be shown [8]
that, for our purpose, the displacement must be chosen to follow a geodesic
path on the dual unit sphere between those points which represent the unit
lines
^
X
0
0
and
^
X
0
1
. It is found that such a path is provided by a motion which,
6
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the dual space De Boor Algorithm(M = 4)
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Fig. 6. Examples of duplicated surfaces
in real 3-dimensional space, carries
^
X
1
0
from
^
X
0
0
to
^
X
0
1
with constant velocities
in angle and distance about a screw axis s^ lying on the common perpendicular
of
^
X
0
0
and
^
X
0
1
; i.e. such that
s^ =
^
X
0
0

^
X
0
1
=
q
(
^
X
0
0

^
X
0
1
)
2
;(10)
from which we determine the matrix [
^
S] of eqn. (8). Through eqns. (6) we
determine the dual angle
^
, measured about s^ from
^
X
0
0
to
^
X
0
1
, to be
^
 =    
b
sin()
where  = cos
 1
(a) and a+ b = cos
^
 =
^
X
0
0

^
X
0
1
since these are unit lines. To provide constant angular and linear velocities
from
^
X
0
0
to
^
X
0
1
, this dual angle
^
 =  + "d between them is progressively
interpolated, for t 2 [0; 1], in the form t
^
. Thus, by eqn. (7), the dual
interpolation algorithm for deriving the second generation line
^
X
1
0
becomes
^
X
1
0
= [
^
A]
^
X
0
0
where [
^
A] = [
^
I] + sin(t
^
)[
^
S] + (1  cos(t
^
))[
^
S]
2
(12)
If there are n + 1 control screws, we will get the n-th generation screws
which constitute a ruled surface.(This is the De Castljue Algorithm). A similar
method is applied in the De Boor Algorithm with added local control, while
the degree will be reduced to M   1. The basic interpolation rule has been
built in the dual space.
The Dual De Boor Algorithm There are n + 1 control screws. M is
the order of the B-screws . M   1 is the degree(generation) of the B-Screws.
The knot sequence is T = [t
0
; t
1
; :::; t
n+M
] (We call the screws which construct
the ruled surface as B-Screws).
Geometrical Representation We will nd a screw
^
X(t
s
) which is one
screw of the B-Screws, t = ts.
Step1: Find an i for which t
s
2 [t
i
; t
i+1
), r = i  M + 1. We dene r = 0
when i < M   1.
Step2: Set
^
X
0
j
(t
s
) =
^
X
j
, (j = r; r + 1; :::; r +M   1).
Step3: From Figure 5, interpolate a simple screw based on 2 screws by
7
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eqn. ( 12) as:
^
X
1
r+1
= [
^
A]
^
X
r
. It is
^
X
1
j
= [
^
A]
^
X
j 1
, where
[
^
A] = exp[u
^
; s^] = [
^
I] + sin(u
^

j 1;j
)[
^
S
j 1;j
] + (1  cos(u
^

j 1;j
))[
^
S
j 1;j
]
2
:
From eqn. ( 3), we get the unit screw
^
X
0
and
^
X
1
. From eqn. ( 10), we get s^
which is normalized by eqn. ( 3) as well; from ( 8), we get [
^
S]; from eqn. ( 11),
we get u
^
 = u + ud. From eqn. ( 6), we have sin(u
^
) = sin(u) + ud cos u
and cos(u
^
) = cos u   ud sinu.
Step4: Repeatedly interpolate the lower degree screw to the higher degree
one until the nal degree screws (ruled surface)
^
X(t
s
) =
^
X
M 1
r+M 1
(t
s
) are given
by the formula
^
X
k
j
(u) = exp[u
^

k 1
j 1;j
; s^
k 1
j 1;j
]
^
X
k 1
j 1
;
where u
k
j
=
t
s
 t
j
t
j+M k
 t
j
, u 2 [0; 1] and k = j   r.
Functional Representation From Figure 5, we have
^
X
1
r+1
= [
^
A
1
r+1
]
^
X
0
r
;
where [
^
A
1
r+1
] is determined by
^
X
0
r
and
^
X
0
r+1
. So
^
X
1
r+1
is weighted by
^
X
0
r
and
^
X
0
r+1
. We have
^
X
2
r+2
= [
^
A
2
r+2
]
^
X
1
r+1
= [
^
A
2
r+2
][
^
A
1
r+1
]
^
X
0
r
;
where [
^
A
2
r+2
] is determined by
^
X
0
r
,
^
X
0
r+1
and
^
X
0
r+2
. It shows that
^
X
2
r+2
is
weighted by these screws. We have
^
X
j r
j
= [
^
A
j r
j
]
^
X
j r 1
j 1
= [
^
A
j r
j
][
^
A
j r 1
j 1
]:::[
^
A
1
r+1
]
^
X
0
r
;
where j > r, [
^
A
j r
j
] shows that B-screws is weighted by [
^
X
0
r
,...,
^
X
0
j
]. There are
j r+1 weighting control screws. For example, if j r = 3, then j r+1 = 4,
the curve is weighted by
^
X
0
r
,
^
X
0
r+1
,
^
X
0
r+2
and
^
X
0
r+3
.
At t
s
2 [t
i
; t
i+1
), we have
^
X(t
s
) =
M 1
Y
k=1
[
^
A
k
r+k
]
^
X
0
r
=
r+M 1
Y
j=r+1
[
^
A
j r
j
]
^
X
0
r
:
The B-screws segment is weighted by[
^
X
r
  
^
X
r+M 1
].
Within T = [t
0
; t
1
; :::; T
n+M
], we have
^
X(u) =
r+M 1
Y
j=r+1
[
^
A
j r
j
]
^
X
0
r
where r = 0; 1; 2; :::; n M + 1:(13)
5 The Duplicated Surface
It often happens that a piece of surface is duplicated and extends repeatedly
from the original surface to a very large area. In the real world we can design
every pitch by using the De Boor Algorithm, then stitch them together[15].
In this method, the boundary condition should be considered. In the dual
world, it is more exible and convienient to extend duplicated surfaces from
the original surface without repeating the De Boor Algorithm, after the dual
8
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De Boor algorithm is used for creating the original surface. This is beneted
by the character of a rigid body, "In the rigid body-based frame of reference
no relative velocities are detectable when the body moves" [5]. The original
ruled surface is a rigid body in that it is also \A set of points with the property
that the distances between any two of them never varies" [7]. If the rigid body
moves along an axis with translation and rotation, the surface will move to
the needed position. There is no relative movement among B-screws after the
displacement. If we want to create the extention duplication surface, we just
need to select a suitable axis
^
B, which is the geodesic path between one of
the screws in B-screws to its duplicated screw in the duplicated surface. Let
B-screws displace along this axis. If the displacement angle is
^
 =  + D,
the displacement Matrix is
[
^
Q] == exp[
^
;
^
b] = [
^
I] + sin(
^
)[
^
B] + (1  cos(
^
))[
^
B]
2
We also get
^
X(u) from eqn.( 13),the new surface will be
^
D = [
^
Q]
^
X(u) = [
^
Q]
r+M 1
Y
j=r+1
[A
j r
j
]
^
X
0
r
j
n M+1
r=0
If the third, forth, . . . , and so on, surfaces need creating, one method is that
we create all the duplicated surfaces by B-screws. Axis
^
B is changed by the
relative position between B-screws and the duplicated surfaces. It is
^
D
w
= [
^
Q
w
]
^
X(u) = [
^
Q
w
]
r+M 1
Y
j=r+1
[
^
A
j r
j
]
^
X
0
r
j
n M+1
r=0
Another method is that we interpolate the next duplicated surface by the
previous surface. So the new surface equation is
^
D
w
= [
^
Q
w
]
^
D
w 1
=
w
Y
q=1
[
^
Q
q
]
^
X(u) =
w
Y
q=1
[
^
Q
q
]
r+M 1
Y
j=r+1
[
^
A
j r
j
]
^
X
0
r
j
n M+1
r=0
If the duplicated surfaces are interpolated by the same dual angle along the
same axis from one another,the surface equation will simply be
^
D
w
= [
^
Q]
w
^
X(u) = [
^
Q]
w
r+M 1
Y
j=r+1
[
^
A
j r
j
]
^
X
0j n M+1
rjr=0
where there are w duplicated surfaces created except for B-screws.
Figure 6 (up) is an example of where the left part of the surface (including
most left 8 screws) is duplicated to the whole image. Both rotation and
translation are applied in the original surface. Figure 6 (down) is an example
of where the vertical surface is duplicated to the horizontal position with pure
rotation angle G.
6 The Screen Representation of the Screw
How to draw the screws on the computer screen is worthy of attention. Parkin[11]
gives a sophisticated method by combining the screw geometry and synthetic
9
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camera technique. Here another eective method is applied in the case of a
projection image (screw) from 3-dimensional space to a 2-dimensional screen
[4]. The screw image should rst be interpreted from dual space into 3-
dimensional real space, using the world coordinate system. Then, the third
component of the 3-dimensional screw's representation is discarded for pro-
jecting the world coordinate screw(line) to the screen plane. Finally, we use
the line segment algorithm [4] to draw the screws on the screen.
If a screw is in i-frame(x^
i
; y^
i
; z^
i
),
^
S
i
 S
i
+S
pi
, we can convert it to real(x,
y, z) system
^
S = S+ S
0
by equation( 5). The parametric form of converting
a screw form into a line form in 3-dimensional space is
l(t) =
S S
0
S  S
+ tS:(14)
where t is selected on two or more dierent values. The screw will be drawn
as a line on 3-dimensional space by connection of the dierent selected points
l(t
i
). However, if the points are far from the screen, the screws can not be
shown on the screen. The application of line segment algorithm [4] will resolve
the problem eectively. The algorithm states, when t 2 [ 1;+1], all points
on the line decided by a = (a
x
; a
y
) and b = (b
x
; b
y
) are represented by the
parametric form,
x(t) = a
x
+ (b
x
  a
x
)t and y(t) = a
y
+ (b
y
  a
y
)t:(15)
We already know the screw line from equation ( 14). We can look for the
screw's intersection points with the edge of the screen. The screw would be
drawn on the screen after connecting the two intersection points. The following
is the method of looking for the intersection points.
It is supposed that the most left-up point of the screen is the origin. X and
Y vector components are shown on the gures. The screen has X = width
and Y = height size.
In Fig. 7, it is supposed that the screws are parallel to X component,
(the screws are parallel to Y = 0). In this situation, from equation( 15), the
intersection points of the screw and the screen's edge X = 0 and X = width
can be found. The screw can then be drawn on the screen.
In Fig. 8, a similar way is used when the screws are parallel to Y compo-
nent, (the screws are parallel to X = 0).
In Fig. 9, the intersection point t of a screw and the Y component
is supposed between Y 2 [0; height]. Then the intersection point s of the
screw and X component (at Y = 0 or Y = height) should be found on
X 2 [0; width]. After t and s are known, the screw can be drawn on the
screen in that st crosses the screen (If the intersection points are not found
within this period, the line would not go through the screen).
In Fig. 10, the intersection point t of a screw and the Y component is
supposed as Y 2 [0; height]. Then the intersection point s of the screw and
Y component (at X = width) should be found for the screw to be shown by
st crossing the screen.
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o x
y
Fig. 7. The screws are parallel Y com-
ponents
o x
y
Fig. 8. The screws are parallel X
components
o x
y
t
s
s
Fig. 9. The intersection point t is be-
tween Y 2 [0; height]
o
x
y
t
t
s
s
Fig. 10. The intersection point t is
out of Y 2 [0; height]
Sometimes the above algorithms still cannot show the screws on the screen
as the screws position is possibly not in the vicinity of the screen. AÆne
transformation [1,4] will adjust the screws' position and move the screws to
the vicinity of the screen. The combination of the two methods will guarantee
the screws go through and are shown on the screen. The method can also be
applied in any "lines" screen expression.
Figures 11 and 12 show screws on the screen using the above method
when ruled surfaces are drawn by using the dual De Boor algorithm. Figure
11 shows the interpolated screws when their two control screws are not parallel.
Figure 12 shows the interpolated screws when their control screws are parallel.
7 Conclusions
The basis for this paper was to present a resolution to the emerging methods
used in Computer Aided Geometric Design (CAGD), for the computer-based
interpolation of 6-dimensional rigid body motion, between nominated control
11
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Fig. 11. The innite screen screws when
the control screws are not parallel
Fig. 12. The innite screen screw when
the control crews are parallel
locations. The dual De Boor algorithm that is used for creating ruled surfaces
is achieved by applying the real De Boor algorithm to dual space. Duplicated
surfaces as an example of ruled surfaces are extended by duplicated surface
methods which are the application of screw theory and the dual De Boor
algorithm on ruled surface drawing. The method of screen representation of
the screw is to represent screws as innite lines on the screen. These screws are
rulings, and form the basic components of ruled surfaces which are drawn by
dual methods. The methods discussed have a direct application, for example,
in the areas of movie making, where computer-based generation of successive
image frames of motion sequences is required. Also the method could be used
in the planning and production of smooth body trajectories.
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